Upper bounds are established for the uniform approximation of continuous functions on [1, 0] by rational functions with positive coefficients. These bounds are obtained by rewriting polynomials with no positive roots as rational functions with positive coefficients.
I. Introduction. The uniform closure in C [l, 0] of the set of polynomials with positive coefficients includes only those functions analytic in the unit disc whose power series expansions have nonnegative coefficients. The uniform closure of the set of rational functions with positive coefficients consists of all continuous functions which are never negative on [0, 1] . This is a consequence of the following interesting factorization theorem. THEOREM [3] .
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) Suppose that p is a polynomial with real coefficients and that p{x) > 0 for x > 0. Then there exists a rational function r(x) with nonnegative coefficients so that p{x) = r(x).
We will provide an accurate bound for the degree of the above r in terms of the degree of p and some knowledge of the location of the roots of p. We will also derive some estimates concerning how efficiently polynomials can be approximated on [0, 1] by rational functions with positive coefficients. We will exploit these results to prove a number of approximation theorems. For instance: if / is analytic in some neighborhood of [0, 1] and positive on [0, 1] , then there exists a sequence of rational functions {r n } where each r n is of degree n and has nonnegative coefficients so that ||/-rj| [ (4) x*-ax + β= f xax + β f -Since 0 < c 1/2 < 2 we deduce that C Λ -> 1. We wish to find a small n as a function of C, so that (5) C.^0.
Suppose that (6) C x , ...,C.<0. 
It is now sufficient to pick n so that 7
A suitable choice is
-β
We deduce from (4) that and the result follows as above. The bound in Theorem 2 is "essentially" correct. 
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Proof. We first show that if p n e Πί then p Λ has no roots in T n = {a;: |arg (z) | < π/n}. Suppose p n (z) = Σ*=o a»«* where α Λ ^ 0. Let ζ e {0 < arg (z) < π/n}. Then a h (ζ) h e {0 < arg (z) < hπ/n} and hence, p n (ζ) e {im (z) > 0}. Thus, p Λ has no roots in T n .
The quadratic x 2 -a ft x + β k has a root at 1 + i/k e T k and we deduce that if x 2 -a k x + β k = r m e R+ + then m > k. We finish the result by observing that Proof. Let a; 2 -αx + 7 be a quadratic factor of p Λ . We assume α, 7 < 0 since otherwise x 2 -ax + 7 has either nonnegative coefficients or a nonnegative root. We proceed to replace, using Theorem 2, each such factor by an element of Ri + . We now replace α? 2 -ax + 7 by r k + 0. Since there are a maximum of w/2 such quadratic terms to replace, we have 3. Approximating polynomials* We estimate how efficiently polynomials in the class P. P. C. can be approximated by rationals with positive coefficients.
A polynomial is in the class P.P.C. (polynomials with positive coefficients in x and (1 -x), see [1] ) if it can be written Σa ki x k (l -xY where a ki ^ 0. We use this estimate and Theorem 4 to approximate polynomials with no roots in a region containing [0, 1] . We adopt the notation R.P.C. (rationals with positive coefficients in x and (1 -x)) for those rational functions which are a quotient of two elements of the class P.P.C. LEMMA 1. Suppose p n ~ Σ fc+i^ α Ai # fc (l -xY is a P.P.C. of degree n. Then there exists r(x)eRi£ so that for x e [0, 1),
Since a 1 - 
r(x)=
Each term of the above sum can be brought to the common denominator (1 + x + + x m~ι Y and hence, r(x) e Jf2^«. Also, by (1), 
The result follows with r = β/ί. We now prove an analogue of Theorem 4 for rationals in the class K.P.C. Define a diamond-shaped region in the complex plane 'n and B ε is the same constant as appears in Theorem 4. We set r m {x) = 17^(3?) V^l -x) to complete the result. We show that positive analytic functions can be approximated almost as efficiently by rational functions from the class R.P.C.
Proof. We write p n (x) = s k (x)t n _ k (x)
where
THEOREM 6. /// is analytic and never zero on E p and f(x)>0
for xe [Q, 1] , then there exists a sequence of r n e R.P.C, r n of degree n, so that for each ε > 0, 11/ -rJ| [ The result is finished by substituting r m into (1). We have the following two theorems for approximating analytic functions by rational functions with positive coefficients. Under stronger assumptions on / we recover exponential rates of convergence. Then there exists rj > 1 so that
where rj is independent of n. (1) and (2) we have, for fixed ί sufficiently large, Since k n ^ 2icn 2 , the result follows. We need the next lemma in the proof of Theorem 8. Let D a be the open disc of radius a centered at the origin. Since /(a?) > 0 for xe [0, 1] , there exist N so that for n^ N, s n (f: 1) > 0 and so that Σ*U**(/: l)# fc is strictly positive on [0, ^>]. For m > JV set (1) r m (z) =
The second term of the right side of (1) We now collect the results we need to prove the above theorems. For feC [0, 1] 
--+ 2α)(/ f
Theorem 10 is a corollary to Theorem 9. We observe that it suffices to prove Theorem 10 under the assumption that / has a zero on [0, 1/2] and that under this assumption 2α>(/, l/ι/Ί^)^(l/^)||/|| [0 , 1 ] . The result is now completed by choosing m -n δ for small δ, and applying Theorem 9.
Theorem 11 is proved analogously to Theorems 9 and 10. We first extend / to [0, 1] in such a way that / > 0 on [0, 1] and so that/eC^O, 1] with / (fc) elipα. We now approximate this extended / by a P.P.C. as guaranteed by Theorem 13 and proceed as in the proofs of Theorem 9 and Theorem 10. 6* Remarks* (1) D. J. Newman and A. R. Reddy [4] (2) The restriction that / be strictly positive is essential in Theorems 7 and 11. 
